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ASYMPTOTIC LAMINAR WAKES*

N.I. YAVORSKII

The multipole approach, developed in the theory of laminar
non-selfsimilar submerged streams /1, 2/, is applied to the problem of
the uniform motion of a body in a space flooded with an incompressible
viscous liquid. The zeroth approximation is an exact solution of the
complete equations of hydrodynamics which is valid in a neighbourhood
of the point at infinity and represents the exact asymptotic structure
of the solution of the boundary-value problem. One such solution for a
non-selfsimilar submerged stream is the Landau solution /3/. In the
context of the laminar wake behind a body, this solution corresponds to
prescribing a constant velocity v, and pressure p, at infinity (the
body is assumed to be at rest). According to the multipole approach
/1, 2/, the basis for the generalized multipole expansion is the
solution of the Navier-Stokes equations, linearized in terms of this
exact asymptotic solution.

Expressing the solution of the complete Navier-Stokes eguations in the neighbourhood of
the point at infinity as
v=vyv,+ W, p=po+ g WwW=o(v 0.1)

we obtain equations for the perturbations w, ¢ (with the density of the liquid assumed equal
to unity):

VAW — (vg, V)W — Vg =(w,V)w, divw=0

w=w,, X=Z(W,=V,(8)—v,, s=3) ©.2)

where w, is the prescribed velocity on the surface ¥ of the body.
To a first approximation, since w=0(y), we can neglect the non-linear term on the right
of (0.2), thus obtaining the well-known Oseen equations /4/:

VAW, — (Vo, V) Wy — yg =0, divwy, =0 0.3)

If the general solution of Egs.{0.3) is known, one can construct a solution satisfying
the prescribed boundary conditions on the surface of the body. Then, by successive approxi-
mations to the non-linear term in (0.2), one obtains a corresponding asymptotic expansion at
infinity.

Oseen's fundamental solution of Egs.(0.3) took the form of a "velocity tensor" E, (x — y)
and pressure vector ¢ (x—y) /5/:

3¢
B =800 — PO -‘%— [VAD — (vo, YD)} (0.4)

(hiﬁzj v 5

1 1—e*
== Baov ) a9 2vo=|vof, s=|x—y[—np(x--y), np=

0

K

The solution of Oseen's problem (0.3) with the velocity w, = w,(s) prescribed on the
surface of the body may be determined from a system of Fredholm integral equations /6, 7/,
derivable with the aid of the fundamental solution (0.4).

In the context of the full Navier-Stokes equations, existence /8, 9/ and uniqueness /8/
theorems in the flow problem have been established for Reynolds numbers Re = v,ry/v (ro being
the characteristic dimension of the body) in a certain neighbourhood of zero: Re = [0, Re,l,
Re, > 0. An existence theorem has been proved for generalized solutions, with no reswiriction
on the Reynolds number, for steady flow around n bodies, on the assumption that the total out-
flux from the submerged bodies is zero. The behaviour of the solution as |x|=r—o is of
interest. It has been shown /8/ that if |lwx) [<Cr® a>1/2,¢>0, then at some distance
from the body
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v (X) = vo + a;Eiy (x) + bey (x) + 0, (x) (0.5}
o, (x) = O (*In (or)), a;, b= const

Formally speaking, the expansion (0.5) involves no restriction on the Reynolds number,
the only essential condition being that —r3>r. It has been shown /10/ that the representation
(0.5) holds for any flow situation in which the Dirichlet integral of the fields v (x), p (x)
is finite. Now, in view of the fact that thanks to the existence theorems the Dirichlet
integral is bounded, one can assume that (0.5) holds for any steady flow. Further estimates
have been obtained /11/:
o, (x) = v"*(x) + 0 213 (or)), »*= 0 (*/*1n (or) (0.6)

It will be shown in this paper that the first terms of the asymptotic expansion of the
velocity and pressure field may be expressed in terms of the exact conservation integrals:
momentum flux, mass flux, flux of angular momentum and higher moments of these gquantities.
Explicit expressions will be obtained for the second and third terms of the expansion, which
are determined by these guantities. Further terms of the expansion are not so universal and
depend on the specific formulation of the boundary-value problem for the flow. A previous
asymptotic expansion of the vorticity /11/ is refined and an estimate is obtained for the
remainder term.

1. We start from certain integral relations which can be obtained from the Navier-Stokes
Egs.{0.1), (0.2) by inverting the Oseen operator (0.3); these relations may be written as
follows:

a ,
wi(x) = S il 5 Ey(x—y)d¥y +

I

S (Eyj (x — Y)vorr — M) + ;T i (x — ¥)) mdS (1-1)
=
@ .
Nﬂ=SWWh e;(x—y)d¥y
i k
{ o1 (x — o —Tje) + 0,7 s (x — )t midS (1.2)
bt
8F, AE. de de,
J ¥ _ s N E o\ __ g%

v, vy
Iy = vw; + P8y — v (-E + —3;)

where II;; is the momentum flux tensor, E is the volume occupied by the liguid, I is the
surface of the body, n is the outward normal, Ej; (x), ¢ (x), e* (x) = (v,, V(1/r)) is a fundamental
solution of Oseen's problem (0.4).

The integral representation (1.1)-(1.3) forms the basis for the multipole approach

proposed here.
The volume integrals in (1.1), (1.2) exhibit the following asymptotic structure as r— oo

/8/:

Lix)= S waw; aik Bij(x —y)d% = O (r+1n (or)) (1.4)

4
oz,

1) = { ww, 51—eytx—y) &y = 0 (- In (or))

while that of the surface integrals is

Ki(x) = S (B (x — Y)woon — Tyg) + 03T s (x — y)) midS = O (1)) (1.5)
b

K (x) = o) (x — y)own — ) + ;T 31 (X — y)) midS = O (1/r%)
Z

Since the body is bounded and may be enclosed in a sphere Q, of radius r; it follows
that for sufficiently large r=|x|, when |yl < ro the functions Ej, ¢; in the inte-
grands of (1.5) may be expanded in absolutely convergent Taylor series. Substituting these
series into (1.5), we obtain (summation over n from 1 to o)

a"E” (x) 6"2‘ (x) (1'6)

i (x) = a;By (%) + Bap, .k, 55— g7, + 008 + Dok p
1 {3 1 n
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: a"e(n
K (x) = age;(x) Z A, ..k, ak——!a—tk- +
a"e* (x)
be* (x) + th Kbz, 1.7
—_n"
Qx, ...k, = (=1 (Voo — My1) nyyk, — no (Wyng, + Wk 1)) Yr, - - - Yrn8S
n!
(1.8)
b e = ds
LIRTPS S ] WYy, -+« Yuy

The quantities g;, b may be expressed as

a=Qv—J, b=—0 (1.9)

where J is the total momentum flux from the body and @ is the ouflow of 1liquid from the body.

It can be shown tht the expansions (1.6), (1.7) are convergent, since w; and II;, are
bounded on the surface of the body. Note that the series (1.6), (1.7) are constructed in
such a way that each successive term in the sums is small to a higher order in 1/r than its
predecessor. This may be proved on the basis of the asymptotic estimates V'Ey = O (r’¥™"?),
Ve, = 0 (r’™?).

In view of the analogy with the Laplace equation, we call (1.6) a multipole expansion of
the solution of the steady flow problem for the body. In that case the quantities ax,...x 0

bk‘,.,kn are the strengths of the appropriate n-th-order multipoles. It should be mentioned

that the expansion we have constructed is not a simple corollary of Oseen's equations, as
might be expected for a solution of the Navier-Stokes equations at r>> r,. The coefficients
of the expansions (1.8) are non-linear functions of the velocity. 1In order to determine

ask,.. .k, . therefore, we need a solution of the entire non-linear boundary-value problem of

the flow.

Taking into account that the volume integrals (l1.4) become asymptotically small compared
with the surface integrals (1.5) as r — oo, we can construct a full expansion of the solution
of the problem by successive approximations to the non-linearity involved in the volume
integrals I; (x), I (x). A natural choice for the zeroth approximation is

w(x) =K(x), ¢°(x) =K (x) (1.10)

i.e., the additive part of the full solution (1.1), (1.2) corresponding to the surface in-
tegrals. This is the approach underlying the existence and uniqueness proofs in /8/, where
analogous approximations are shown to converge to a solution of the boundary-value problem if
the Reynolds number Re is sufficiently small. Thus, this path leads to the construction of
an exact solution of the Navier-Stokes equation for the flow problem as a multipole expansion
at infinity.

2. Let us assume that the solution w°(x), ¢°(x) 1is known. This is equivalent to
specification of all the multipole strengths ak,...x, bx,...x, (a denumerable number of con-

stants) . Egs.(1.3) and (1.4) may be written, taking (1.7) and (1.9) into account as follows:
° ]
wq(x) = w (x) + §wiw, 70 Eu(x—y) @y @1)

]
g(x) = ¢°(x) +§w(wk e (x—y)dy
The first equation of (2.1) is autonomous, and it will therefore suffice to apply success-
ive approximations to this equation only, obtaining a system of recurrence relations

w) = 3 W 22

wit (x) = ZS wiwl! 1:—; Ey(x—y)ddy, n=0,1,2,...
neo

It should be noted that the construction of a solution in this form does not yet yield
a sequence of terms of increasing order with respect to 1/r ; hence different approach is
necessary to construct the expansion at infinity in closed form.
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Since the integral operators in (2.1) are convolutions, it is clearly convenient to
change to Fourier transforms. Let W; (k). P (k), Ay (k) denote the Fourier transforms of
w; (x), g(x), Eyy (x), respectively. Putting wi(x)=0 for x & B® where B is the volume
occupied by the body and B® its interior, we have

Wik) = § exwi(x)dz, ENB=E
EB*
) kk, — k38
Ay (k) = Se“‘“Eu (x)d°z = W[_I:'/—Zw—(;lnm
E®

The Fourier transforms of Egs.(2.1) are

Wi k) = W (k) — idm (k) kxBma (k)
P (k) = P° (k) — knknk *Bm, (k)

§ etono (x)wy (x) a2z = @ny { Wi (0) W, (k—p)asp
O X

(2.3)

By, (k) =
E!

This system of equations is considerably simpler than the original system (2.1), though
still involving integral equations. The functions Wp (k). P° (k) are given by

W (k) = Ay (k) My (k) — ikhM (k)

Pe () = — ik MM (K) — gk (k) @4
where M, (k), M (k) are analytic functions in a neighbourhood of & =0 :
M,k)=a, - 21 (— i ap, ..o hy, Ky, (2.5)

Mk)=b-}+ Z, (— i) byt fop oo by,

Comparing the structure of expansions (1.3), (1.7) with (2.4) and (2.5), we note that
the terms in each are of corresponding orders of magnitude as r—+oo and as k— 0. Thus,
expanding the tensor By (k) in series as k--0 in {2.3) will produce the necessary full
multipole expansion of the solution in the Fourier transform space.

According to a theorem of Finn /12/, the kinetic energy of the perturbed motion, i.e.,
the kinetic energy determined using w(x), is infinite. This means that B, (0) = oo. Con-
sequently the tensor B,;(k) 1is a non-analy'tic function at k= 0. Nevertheless, one can con-
struct the required expansion of B,(k) as k-—o, by isolating the singularity. The type
of singularity can be determined by using the successive approximations (2.2), having first
changed to their Fourier transforms:

wittk) - — i, (k) k_ BP, (k)
a5k @ 3 (Wit mw ) k—p)aw
=0 K?

3. Responsibility for the divergence of the kinetic energy integral lies with the
principal terms of the expansion as r —oo (0.5), since, as the velocity field w;(x) is
bounded, divergence may be observed only at the upper end of the interval, when r = oo.
Taking this into consideration, let us consider the integral

By (k) = axay é Ay (p) Ay (k —p)dip (3.1)

where the zeroth approximation is the Fourier transform of the principal term of the expansion
a,Ey (x).
Define a tensor

R k) = ‘A Ay (k—p) d3p = By — mm N0 — 7)) 4° 3.2
o (K) ’>'U(P) x (k—p) dp ’S.Gr—Zlom)[(k—p)'—Zo(h—m)] p (3.2)
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ki —p; n k

=i, m=_t i i =5, v=(0,0,v,
my = » i |k—P|' i T 3 (v ’ o)

The p, axis points in the direction of the velocity v, Since
[ 85 — myms |, |8kt — mpmy [ <A

it follows that, in order to determine the type of singularity of Ry, (k) as k-0, it
will suffice to consider the integral

a(k) = S {(p* — 2iop;)[(k — p)* — 2iop (k;— p3)]} d°p (3.3)
K
Let
m = (sin 0 cos @, sin O sin ¢, cos B) (3.4)
n = (sin B8, cos @y, sin 6, sin @,, cos B,) ’
ps = pcosB, ky=kcosB,
Then (3.3) may be written as
e ! d % 4
— z P "=
a(k) = é pdp ‘\1 > —%ios S T a3 =9 (3.3)
- 0
¢, = p* + k* — 2iokzy + 2p (ic — kz,y)
co= —2kpV (1 — 2,51 — 2), z =1c086, z,=cos0, (3-8)
If either k€0, 2% 0 or 1—2zi<1, this will be valid at a distance in the wake

region, since the latter is paraboloid in shape. After integration of (3.5) by parts, we get

1 _9; E B iokz. ;
ak)= — I 1n B Aok | Sa )/ B0t o) 3.7
R,
co == 5——‘——"( y}—y) dy
1]
Thus, the tensor B (k) has a logarithmic singularity as k — oo. This improves on

Finn's theorem, according to which the integral of the kinetic energy of the perturbed motion
is divergent; Finn's theorem here results as a corollary of (3.7). Note that the expansion
{3.6) involves not only a logarithmic term but also fractional (semi-integral) powers of k,
a circumstance which should have significant influence on the expansion of the solution in a
series of type (1.6), (1.7). To obtain such expansions it will be necessary to use the
apparatus of fractional differentiation /13/.

In order to get a better idea of the behaviour of the tensor Ry, (k) as k-- o0, let
us write it as

Rijper (k) = o (k) 80, — gy (k) 8y — gy (k) 6y — gy (k) (3.8)
k) =\ ol k) = { il g
a()_i. F(k,p)' a’(l()‘é.p(k’p) 14
m,m, T T
oy (k) = ﬁﬁ d%p, Gy = Oy (3.9)

F (k. p) = (p* — 2iops) [(k — p)* — 2ico (ks — p)]

The quantity a (k) 1is just (3.3), so it has already been investigated. The represen-
tation (3.8),(3.9) follows from (3.2) by using the properties of convolutions.
Consider the tensor

o« "
ag (k) = Spdp S d S (99 (x = cosB) (3.10)
0 [

p— 2i0 €y ¢y CO8 (P — @g) '

If k<€ o, 2y #0, it follows from (3.6) that the number ¢, in the denominator of the
integrand in (3.10) may be ignored. Integration with respect to ¢ and & yields the expression
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2
oy (k) = o (k) Sishepy + 75 Suvep + O (k) (3.11)
A= (1/2,1/2,0), v=(—1, —1,2)
Consider the tensor oy (k). Using the definition of @y, in (3.9), it can be shown
that
° ° * mlmjmkml 3
ignr (k) = ctiger (k) + O (B), e (k) = S —Fip - ©P (3.12)
K3
As when calculating a;; (k). consideration of (3.6) shows that if k<€ 0, 2,50 then

the expression

o« 1 an
r.» _ dx mimjmkml
aiget (k) _Spdp S p—2ioz S e T s —gg O° (3-13)
0 - L)
may be simplified by neglecting ¢,
Put
2N
Mk = S mym gy de (3.14)
0

It can be shown that the only non-zero components my;, Will be munan, Mapan Mai) gh

(no summation over repeated indices!). Direct calculation gives

My = My (6305 + 8uby1) + M (1184851 (3.15)
My = My, = 3(1 — 22)2/8, Mg = a*, z =cosb
My=M,=(1— 1‘2)2/8,! My =My = My = My = 1/22° (1 — 2%)
Integrating, we deduce from (3.13)-(3.15) that
° 2
oiger (k) = [ (1) A + o N | (Bubye + 8axdp) + (3.16)
. 2 )
[a(k) Ay + N(m] 8 + O (47)
Ap = Agy =% Mg = Ay =5, Mg = Ay = Ay = Ay = Agy =0
Ny =Ny = — % Nyy=Ny = =3 Nig =Ny = Nypy =Ny, =
Yy Ngy=1
Finally, from (3.1), (3.2), (3.8), (3.11), (3.12) and (3.16), we have
B?ﬂ k) — a(k) G 1 K O (k!
i (k) = @nfE e (a) + TongvE il (8) + O (k') (3.17)
Gny = _9«11’-8}-;“’ v Gp=0Gy= a;a, v Gy =Gy = a12a'
Gy = "1_“+8i’_=1 , Gy = a5t
Ky = — 11a,;2 -—8311,’—{— 4ag? , K“ —Ky=— 5a4|u,
Ko = — 3a,3 — 181a.’+ 4ag?
Ky =Kgy=Ky=K3 =0, Kgp= L a,z’—Za,’

The second and last approximations to the non-linearity do not produce logarithmically
divergent terms, but they all make a contribution of (O (1) to the term. Hence we have the
following expansion:

1 1 —f2ickz, 1 . .
Bij (k) = — —g5o7 Guy (@) In e Tonoww Kiu (@) + piy + O (&%) (3-18)

80
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where p;;° is the renormalized mean momentum flux tensor of the perturbed motion:

Real pjy = Py = § (0w, — @By Ey) d% (3.19)
E

4. As already pointed out, the asymptotic behaviour of the solution of the problem of
the flow around a body may be cbtained by asymptotic expansion of the Fourier transform W, (k)
of the velocity of the liquid at k — oo. Substituting the asymptotic representation of the
tensor B;; (k) (3.18) into Eg.{2.6) and using (2.9), (2.11), we get

Wi (k) = Am (k) {am — ik,Gmy (8) (27) v (k) — ik, lama + (4.1)
/P07 K iy (8) + Puna’ 1} — thikTE (b — iknby) + O (K1)

Since the factor —ik; introduces a differentiation 9/dz; into the inverse transform,
it follows that to obtain the asymptotic expansion of w, (x) we need only investigate the
Fourier transforms of the functions A4y, (k) @ (k). The function A4;;(k) 1is the Fourier trans-
form of the velocity tensor E;; (x).

Let U;;(x) be the tensor whose Fourier transform is A4;; (k) « (k). Using the formula
for A;; (k) we can write the tensor U;;(x) as
Uy = 8,,AU — 3*U/dx;0z; (4.2)

where U (x) is the inverse Fourier transform of
D (k) = a (k) [vE*(k* — 2ick.ngy)]™?
Hence follows the conclusion that
LAU =y (x), L=A—20(n,V) (4.3)
where j (x) is the inverse Fourier transform of
h(k) = a (k)/v
Relation (3.3) for g (k) yields
1
alk) = S d*pH (k) H (k—p), H(k) =

2 — 2iok.n,

Hence, changing to inverse Fourier transforms, we get

AF —20(ng, VF) = — 8 (x), F(x) =~
F(®X) = o § B @ eix a%
and
2 (x) = (7::17)3‘5 n (k) e ¥ 4% = (2np P2 (x) = 2 (4.4)

It follows from (4.3) and (4.4) that
AU = f, Af — 20 (ny, Vf) = Y/yme 0/ (vr*) (4.5)
Investigating the solution of Eq.(4.5) by separation of variables, one can show that

e%ln(or)

f=— £ 2 B g — (&.6)

e—08 T -0
T oo § o da ot fo(®)

ar

where f,(x) is the solution of the homogeneous Eq.(4.5). The term f,(x) is not taken into
consideration any more, since it is actually contained in the solution for the velocity field
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in the terms corresponding to the expansion of the surface integral.
In analogous fashion, integrating the equation AU =f, we obtain the asymptotic ex-
pansion

o

Ux) =20 (s)ln(or) —a S do S o8 (B) d - 4.7)

2 [2{oa— (Lm0 a) + 5.0
[ []

[ n=2

Further terms of the series follow from the equation
(s8.) =(n — 1) {288, + (n —2) S, 5], n > 2 (4.8)

which is recursively solvable. The solution of the homogeneous Laplace equation is omitted
from (4.7), for the reason indicated above. Using formulae (4.2), (4.7), one can obtain an
asymptotic expansion of the tensor U, (x).

We now turn to the Fourier transform W, (k) (4.1). Again taking inverse transforms,
we find an asymptotic expansion of the velocity field:

wy (x) = a;Eyy (x) + <b—{-b, %)5‘% ot LGy, (ﬂ)%i—lUu(x)Jr (4.9)

32rove

. 1 ° [}
[ajl T Fgga Kn(@) + Pﬂ] ,,—,lEu(x)-i- 0 <$)

The remainder term in (4.9) was in fact determined in /11/, since it may in fact be
obtained without the additional assumption adopted here that the vectors a and vV, are col-
linear.

It is of interest to develop an asymptotic formula for the vorticity field. We first
observe that the "gradient terms" 0U,j/dz,0z; in U;; and 0®,;%dr0x; in E;; (0.4),

(4.2), make no contribution to rot v. The term 8;;AU is determined by formula (4.6), and
A® = —e%/(4nvr). Hence one obtains the asymptotic expansion of the vorticity:
_ o s 08 G; (a) o2 (4.10)
o (x) = v Cik oz, QG —— + ek 32nov® "9z, 9z,
1 K Po 82 e~ 08
e“’k[“ﬂ + Tz Knla) + f’] 77,9z, A +

0 ("r‘f#e—vu—m) , 0t

where ¢;;x is the antisymmetric Levi-Civita tensor.
It is characteristic thatall the terms of this expression decay exponentially ~e0s

outside the wake (s — o0). An estimate for the remainder term may be obtained by using a
result from /11/, according to which the exponential decay of vorticity outside the wake obeys
the law © ~ @ (r) eo0-8), as well as the estimate of (4.9) for the velocity remainder term;

in the derivation it must be remembered that differentiation of the fundamental tensors Eyy,
Uj;, etc., with respect to the coordinate contributes no more than the factor (s/r)V: ((Vs)z =
2s/r): to the estimate. For a rigorous justification of the remainder term in (4.10), one
can use Propositions 2 and 3 from /11/. From (4.10) one obtains the following refinement of
the estimate for ; (x) derived in /11/:

o e 08

4nv (Vs X a)

+ 0((1 4 as) eor21n (or)) (4.11)

o(x) = ;

It should be noted that the asymptotic expansion presented in /14/ does not predict ex-
ponential decay of vorticity outside the wake. This is because the asymptotic expression
obtained for the second term of the expansion in /14/ is very coarse. Our present approach
avoids this pitfall and yields all the terms of the asymptotic expression in terms of exact
conservation integrals.

We have thus obtained an asymptotic expansion for the velocity field for the laminar wake
at some distance from a body of arbitrary shape immersed in a liquid, improving on the results
of /11, 14/. Explicit expressions have been obtained for the second and third terms of the
asymptotic expansion, developed - like the first term (0.5) - in terms of conservation integrals.
This makes the representation (4.9) universal and enables one to determine the three principal
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terms of the asymptotic expansion for the wake at a distance, given the characteristics of
the flow in the vicinty of the body, and conversely, to determine various specific
characteristics pertaining to the body, given the velocity distribution in the wake. In
particular, using the first three terms of the expansion one can obtain not only the force
of drag but also the drag coefficient, which is of no little importance in certain practical
applications. On the other hand, the fact that the principal terms of the expansion are
expressed in terms of exact conservation integrals enables one to apply it not only to
problems of flow past a body, which are characterized by a momentum sink, but also to
various other hydrodynamic problems involving sources of momentum, such as the distribution
of the stream in a wake, a stream inclined at an angle to the flow, the motion of a body with
reactive thrust, etc.
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